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Abstract
In this note I will show that an inessential modification of the ZFC example of a hereditarily Lindelöf nonseparable space which
was constructed in [J.T. Moore, A solution to the L space problem, J. Amer. Math. Soc. 19 (3) (2006) 717–736] has the property
that its square contains a σ -discrete dense set.
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In this note I will prove that there is a space2 X such that X is hereditarily Lindelöf, nonseparable, and with
the property that X 2 contains a σ -discrete dense set. This answers a question of Tkachuk raised in [2] where he
constructs such a space assuming the Continuum Hypothesis. The space considered in the present note is essentially
the L space constructed in [1].
First let us recall a number of definitions from [1]. In this paper [ω1]k will be used to denote the k-element subsets
of ω1; [ω1]<ω is used to denote the collection of all finite subsets of ω1. If a and b are finite subsets of ω1, then
a < b means that every element of a is less than every element of b. All ordinals in this paper are von Neumann
ordinals—they are the set consisting of their predecessors. The ordinal 0 is not considered to be either a successor or
a limit ordinal.
Definition 1. A lower trace function on ω1 is a function L : [ω1]2 → [ω1]<ω such that the following conditions are
satisfied:
(1) L(α,β) is a nonempty subset of α whenever 0 < α < β < ω1.
(2) If α < β < γ < ω1 and L(β,γ ) < L(α,β), then L(α,γ ) = L(α,β) ∪ L(β,γ ).
(3) If β < ω1 is a limit ordinal then limα→β minL(α,β) = β .
E-mail address: justin@math.cornell.edu.
1 Supported by NSF grants DMS-0401893 and DMS-0200671.
2 All spaces discussed in this note are regular and Hausdorff.0166-8641/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2007.07.006
J.T. Moore / Topology and its Applications 155 (2008) 304–307 305Definition 2. A coherent sequence of finite-to-one functions is a sequence 〈eβ : β < ω1〉 such that the following
conditions are satisfied:
(1) For each β < ω1, eβ is a finite-to-one function from β into ω.
(2) If β < β ′ < ω1, then eβ(α) = eβ ′(α) for all but finitely many α < β .
Both lower trace functions and coherent sequences of finite-to-one functions can readily be constructed using
Todorcevic’s method of minimal walks; the reader is refereed to [1] or [3] for details. In this paper we will not be
concerned with their construction, only with their properties. For the duration of the paper, I will fix a lower trace
function L and a coherent sequence of finite-to-one functions 〈eβ : β < ω1〉.
Definition 3. If s and t are functions from a finite subset F of ω1 into ω, then Osc(s, t) is the set of all ξ in F \{minF }
such that s(ξ−) t (ξ−) but s(ξ) > t(ξ). Here ξ− is the greatest element of F which is less than ξ . For ease of writing,
let Osc(α,β) denote
Osc
(
eα  L(α,β), eβ  L(α,β)
)
and osc(α,β) denote the cardinality of Osc(α,β).
Finally, fix a rationally independent sequence ζα (α < ω1) of elements of T = {ζ ∈ C: |ζ | = 1}. For each β < ω1,
define wβ :ω1 → T by
wβ(α) = ζαosc(α,β)+1/2
if α < β and wβ(α) = 1 if β  α < ω1. Let L be the set {wβ : β < ω1} considered as a subspace of Tω1 . Clearly L
is nonseparable.
The only difference between the definition of the wβ ’s in this paper and in [1] is that the “+1” in the exponent has
been changed to a “+1/2”. Except for appropriate superficial modifications to the proofs, this change does not affect
any of the statements made in [1].
Theorem 1. (See [1].) The space L is hereditarily Lindelöf.
Observe that any horizontal or vertical line in L 2 is homeomorphic to L and hence also hereditarily Lindelöf.
The same comment applies to the diagonal Δ ⊆ L 2. Since any discrete subspace of a hereditarily Lindelöf space
is countable, these sets must have countable intersection with any σ -discrete subset of L 2. Quite remarkably, this
necessary criterion for being a σ -discrete subset of L 2 is already sufficient.
Theorem 2. Suppose that D ⊆ L 2 \Δ. If every horizontal and vertical section of D is countable, then D is σ -discrete.
Before proceeding, let’s see how this relates to the result mentioned at the beginning of this note. Let X be
obtained from L by removing the union of all countable neighborhoods. Since L is hereditarily Lindelöf, L \ X
is countable and, in particular, X is uncountable. I will now construct a set D ⊆ X 2 \ Δ which is the graph of a
one-to-one function and which is dense in X 2. To see this, let Uα ×Vα (α < ω1) enumerate a base for X 2 consisting
of nonempty open sets. Recursively select points dα in X 2 \ Δ for each α < ω1 so that no coordinate of dα is equal
to a coordinate of dγ for γ < α and dα is in Uα × Vα . This is possible since, by definition of X , both Uα and Vα are
uncountable and only countably many elements of X appear as a coordinate of some dγ for γ < α.
Combining this with Theorem 2, we now have the main result of the note:
Theorem 3. There is a nonseparable hereditarily Lindelöf space X such that X 2 contains a σ -discrete dense set.
The remainder of this note is now dedicated to proving Theorem 2. It will be useful to first fix some notation and
prove some lemmas. Suppose that p is in [ω1]2. Let βp denote the least element of p and γp denote the greatest
element of p. Set np = osc(βp, γp) and ζp = ζβp .
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Proof. By applying compactness of βp + 1 and the properties of L, it is possible to find a finite set G ⊆ βp + 1
containing 0 and βp such that if η0 < η are consecutive elements of G, then
L(η,βp),L(η, γp) < L(ξ, η)
whenever η0 < ξ < η. Set
Fp =
⋃
η∈G
L(η,βp) ∪ L(η,γp).
To see that Fp works let ξ < βp and select η0 < η in G such that η0 < ξ  η. Observe that L(η,βp)∪L(η,γp) ⊆ Fp .
Since the proof is finished if ξ = η, assume that η0 < ξ < η. In this case,
L(ξ,βp) = L(ξ, η) ∪ L(η,βp),
L(ξ, γp) = L(ξ, η) ∪ L(η,γp)
and therefore L(ξ,βp)	L(ξ, γp) ⊆ Fp . 
For each p fix a finite set Fp ⊆ βp satisfying Lemma 1 and with the additional property that
{
α < βp: eβp (α) 
= eγp (α)
}⊆ Fp.
Lemma 2. For every p in [ω1]2, there is an Mp < ∞ such that whenever α < p,
∣∣osc(α,βp) − osc(α, γp)
∣∣< Mp.
Proof. Suppose ξ is in L(α,βp) \ Fp = L(α,γp) \ Fp . If ξ is in the symmetric difference of Osc(α,βp) and
Osc(α, γp), then either the predecessor of ξ in either L(α,βp) or L(α,γp) is in Fp . Including those elements of
Osc(α,βp)	Osc(α, γp) which are in Fp , we have that
∣∣osc(α,βp) − osc(α, γp)
∣∣
∣∣Osc(α,βp)	Osc(α, γp)
∣∣ 3|Fp|.
Hence Mp = 3|Fp| works. 
Lemma 3. For every p in [ω1]2, there is a rational εp > 0 such that if i ∈ Z with |i| < Mp and ξ ∈ T with |ξ − ζp| <
εp , then
∣∣|ξ i − 1| − |ξnp+1/2 − 1|∣∣ εp.
Proof. Let p be fixed. Since ζ ip − 1 is never equal to ζ np+1/2p − 1 for |i| < Mp , there is an ε > 0 such that
∣∣|ζ ip − 1| − |ζ np+1/2p − 1|
∣∣ 2ε
whenever |i| < Mp . Select a δ > 0 such that if |ξ − ζp| < δ, then
∣∣|ξ i − 1| − |ξnp+1/2 − 1|∣∣ ε.
It follows that any rational εp less than both ε and δ works. 
Now we are ready to return to the proof of Theorem 2. Let D be given as in the statement of the theorem and
note that D can be decomposed into countably many sets with one of the following two forms: {(wβp ,wγp): p ∈ Γ }
or {(wγp ,wβp): p ∈ Γ } where Γ is a subset of [ω1]2 with the property that if p and q are in Γ , then p < q or
q < p. Since (x, y) → (y, x) is an autohomeomorphism of L 2, it suffices to prove that {(wβp ,wγp): p ∈ Γ } is
discrete provided that Γ ⊆ [ω1]2 has the following additional properties: for all p and q in Γ , np = nq , εp = εq , and
|ζp − ζq | < εp .
J.T. Moore / Topology and its Applications 155 (2008) 304–307 307Toward this end, define, for q in Γ ,
Uq =
{
(x, y):
∣∣|x(βq) − y(βq)| − |ζ nq+1/2q − 1|
∣∣< εq
}
.
Now suppose that p 
= q are in Γ ; I need to show that wp = (wβp ,wγp) is not in Uq . If p < q , then wβp(βq) =
wγp(βq) = 1 and, letting i = 0 and ξ = βq , we know that
∣∣|ζ iq − 1| − |ζ nq+1/2q − 1|
∣∣ εq.
It follows that wp is not in Uq . If q < p, then note that
∣∣wβp(βq) − wγp(βq)
∣∣= ∣∣ζ osc(βq ,βp)q − ζ osc(βq ,γp)q
∣∣= ∣∣ζ iq − 1
∣∣,
where |i| = |osc(βq,βp) − osc(βq, γp)| < Mp . Applying our criterion for choosing εp with ξ = βq , we have that
∣∣|ζ iq − 1| − |ζ np+1/2q − 1|
∣∣ εp = εq.
Consequently, wp is not in Uq , finishing the proof of Theorem 2.
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